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The Fourier transform (F'T) of a continuous signal s(t) is given by:

S(w) = / 7 s(t)e tdt (1)

—0oQ0
Now sample the signal at equally spaced intervals 7" so that the n'* sam-
ple is equal to s(nT). Mathematically, the operation of sampling can be
represented as multiplication of s(¢) by a periodic impulse train.

o0

s(1) i 6(t—nT)= > s(nT)s(t—nT) (2)

n=-—00 n=-—00

The Fourier transform of the sampled signal is then equal to the convo-
lution of S(w) and the F'T of the impulse train. The Fourier transform of an
impulse train is an impulse train in the frequency domain.

FT{ 3 (5(t—nT)} = Y wodw — nw) w=2T

n=—oo n=—0oo



The convolution is then equal to
Sp(w) =S (w)* 322 wod(w — nwy)
= %% '?zo:—oo ffooo S(y)d(w —Yy- TLU)())dy (4)

= % Y2 o S(w —nwyp)

Where S,(w) has been used to denote the F'T of the sampled signal. Equation
4 shows that S,(w) consists of copies of S(w) placed at intervals of wy up and
down the frequency axis. S,(w) is therefore a periodic function with period
equal to wy.
Now S, (w) will be calculated directly from equation 2.
Sp(w) = [, 30 _s(nT)o(t — nT)e 7+'dt

=3 o s(nT) [23, 6(t —nT)e7¥dt (5)

=3 _s(nT)e 7

This is recognizable as a Fourier series representation of S,(w) where the
series coefficients are equal to the samples of s(¢). The fact that S,(w) has
a Fourier series representation could be anticipated since it is a periodic
function.

Now let Q = wT and s[n] = s(nT) then equation 5 is written as
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Sp(Q) = ) s[ne " (6)
(2 is a dimensionless variable and S, (€2) now has a period of 27, S,(Q2+27) =
Sp(€2). There is no longer any explicit time dependence in equation 6.

It is possible to invert equation 6 to get the sample values, s[n], in terms
of the FT, S,(2). Multiply both sides by e/™? and integrate over one period.
Lo me .- L™ —jm-mpa

/ S, (™0 = 3 3[n]2—/ e~ In-mR Q) (7)
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The integral on the right is



[ 2le e (L2

Equation 7 then reduces to

1 = .
sm] = o /_ S0 9)

Now use equation 6 to calculate S,(£2) at N equally spaced points in the
interval from ©Q = 0 to 2 = 27. This amounts to sampling S,(£2) at intervals
Q) = 27 /N. From equation 6 the k' sample is then

Sh) = S,y = 3 sfules (10)

n=—00
For a given k there are only N distinct values of e=727¥"/N_ This can be
seen from the following equation where n is incremented to n + mN, m =
an integer.

e—j27rk(n+mN)/N — 6—]27rkn/Ne—327rkm — e—]27rlm/N (11)

This fact can be exploited to write equation 10 as follows.
Sy(kQy) =Nt s[n + mN]ei2rk(ntmN)/N

= YN L ems2mkn/N $hoo s[n + mN]

m=—00 (12)
=y N1 g [n]e=i2mkn/N
Where s,[n] has been defined to be
il = 3 s+ mN] (13)
Obviously s,[n] is periodic with period N,
ol + N] = s, (14)
If there are only N nonzero samples of s[n] say
s[n] #0 0<n<N-1
s[n] =0 otherwise



then sy[n] =s[n], 0<n <N -1
Equation 12 is called the discrete Fourier transform and is usually written
in the following form

Sylk] = 3 spln]ei2mkn/N S,k =S, (k%) (15)

n=0

The effect of windowing a sampled signal

Truncating the samples s[n] to just NV nonzero samples can be mathematically
taken into account by saying that s[n] has been multiplied by the samples of
a window function that has only N nonzero samples. As an example let s(t)
be a pure sine wave of frequency wy = 27 /Tj.

s(t) = sin(wot) (16)

Sampling at intervals 7" we get

s[n] = s(nT') = sin(wonT) (17)
Let Q¢ = wyT then

eano —jno

s[n] = sin(nf) = —°

2]

There are an infinite number of nonzero samples, s[n]. To get a finite
number we multiply by the window samples w[n| where w[n] # 0, 0 < n <
N — 1, and w[n] = 0 for all other n. Call the result of this multiplication a
new sequence ¢[n]

(18)

qln] = win]s[n] (19)

So for s[n] given by equation 18 we have

JnSo e Jnfo
q[n] = w(n] —winl—; (20)
The Fourier transform of ¢[n| is then
1 , 1 .
Q) = z—jFT{w[n]EJ"QO} - Q—jFT{w[n]e_]"Q‘)} (21)



where we have

FT{w[n]e™®} =y wln]eintoein?
=2 w[n]e ™% = W (Q - Q) (22)
likewise
FT{w[nle= ™%} = W (Q + Qo) (23)
so that equation 21 becomes
Q) = W (2 — Q) - W(Q+ Q) (24)

27

The Fourier transform of the windowed sine wave consists of copies of the
FT of the window sequence centered at {2g and —€.
Specific examples of window functions are discussed in a separate article.



